Probabilistic Dense Coding Using a Non- symmetric Multipartite 

Quantum Channel 



O 
O 

(N 

a 



(N 



o 
o 

:^ 



Qiu-Bo Fan and Shou Zhang* 

Department of Physics, College of Science, 
Yanbian University, Yanji, Jilin, 133002, PR China 

We investigate probabilistic dense coding in non-symmetric Hilbert spaces of the 
sender's and the receiver's particles. The sender and the receiver share the multipar- 
tite non-maximally quantum channel. We also discuss the average information. 
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auantum dense coding [l| is one of the important applications of quantum entangled state 
in quantum communication. Some people have proposed some schemes ^0,0,0,0 
for quantum dense coding using mixed state entanglement, Greenberger-Horne-Zeilinger 
(GHZ) state, multi-level entangled state, and multipartite entangled state. Other people 



10| using the interaction between 



have proposed a number of schemes about dense coding ^ 
atoms and cavity quantum electrodynamics (QED). However, the quantum channels of these 
schemes are all symmetrically and maximally entangled states. And then Yan et al. and 
Fan et al. ^| have discussed dense coding using two-particle and multi-particle entangled 
states as quantum channels, respectively. In their schemes the quantum channels are all non- 
symmetric and maximal. Wang et al. [l^ have proposed another scheme for probabilistic 
dense coding using a non-maximally and symmetrically entangled pair. And Pati et al. 
have also proposed a scheme for probabilistic super dense coding with non-maximally and 
symmetrically entangled states as a resource, and they generalized the scheme to higher 
dimension and more entanglement. There are other people proposed distributed quantum 
dense coding i.e., the generalization of quantum dense coding to more than one sender 
and more than one receiver. But in our scheme,we investigate probabilistic dense coding 
using two non-symmetrically and non-maximally entangled pairs as quantum channel and 
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generalize it to N non-symmetrically and non-maximally entangled pairs, that it to say, our 
quantum channel is a non-symmetric and multi-particle state. Our scheme only has one 
sender and one receiver. 

Now wc discuss our scheme in detail. For clarity, wc first use four particles 1, 2, 1', and 2' 
to realize the probabilistic dense coding. Wc suppose particles 1 and 2, both in 3-dimension 
Hilbert space, belong to Alice; particles 1' and 2', both in 2-dimension Hilbert space, belong 
to Bob. The initial state which they share is as follows: 



I*)i2i'2' = («0i|00) + q;ii|11))ii' (ao^lOO) + ai,\ll))22', 



(1) 



where the subscripts 1 and 2 of ao and ai indicate the 1, 2-th two-particle entangled state, 
respectively; ckqi , cci^ , ccoa , and ctij are real numbers; and IctoiP+loiiJ^ = 1, Ictojl^+lctijl^ — 1. 
Without loss of generality, we suppose that IckoJ < |q;iJ and jaoal < IckijI. 

Firstly, Alice introduces two auxiliary two-level particles in the quantum state 1 00) a^aj- 
So the total state of the system is 



|*)t = (aoJOO) + q;iJ11))ii' (g) (ao^lOO) + q;i,|11))22' ® |00) 



aia2 ■ 



(2) 



Alice performs two unitary operations C/iaj and C/202 on her particles (l,ai) and (2,02), 
under the basis {|00), |01), |10), |11), |20), |21)}ia^(2a2), respectively. We can write the two 
unitary operations as one U — Uia^ ® ^^202 ^ follows: 
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(3) 



where Aj = a^Jai^^Bi = y^(l — aQ./a1.){i = 1,2). The unitary operation will transform 
|^)t into the corresponding state: 



|^')t = {aoi(lOO) + |11))ii'|0)„, + ^al - <|ll)ii'|l) 



ai 



® |ao2(|00) + |ll))22'|0)a2 + V<-<|ll)22'|i; 



a2 
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v^ao,-^(|00) + |ll))ir|0)„, + v'af,-<|ll)n'|l)a,| 
D |x/2ao^i=(|00) + |ll))22'|0)a, + ^ - al\ll)22'\l)a. 



V2«0j^00)ll'|0)ai + V«?, - <|^Jo)ll'|l)ai 



22' 1 1)02 



(4) 



where |^[]o)ii'(22') = T^dOO) + |ll))ii'(22') J^oo)ii'(22') = |ll)ii'(22')- Then Ahce makes or- 
thogonal measurement on the auxihary particles. If she gets the result |0)aj0)a2, she ensures 
that the four particles 1, 1', 2, and 2' are in the product state of the two maximally entangled 
pairs, i.e., |\E^Qg)ii/ ® |\E'qq)22', and the probability of obtaining |0)ajO)a2 is AaQ^a^^ according 
to Eq. (jH); if she gets the result |0)ajl)a2, she ensures that the four particles are in the state 
1^00)11' ® 1^00)22', and the probability of this result is 2aQ^{a'l^ — al^); if she gets the result 
|l)aj0)a2, she ensures that the four particles are in the state |^E'oo)ii' ® 1^00)22', and the 
probability is 2aQ^{a\^ — aoj; if she gets the result |l)ajl)a2, she ensures the four particles 



a. 



02' 



are in the state I^^qq)!!' ® 1^00)22', and the probability is (a^^ — «0i)('^i2 

Secondly, Alice encodes classical information by a unitary transformation on her particles 
1 and 2. If particles 1 and l'(2 and 2') are in the state |\E'oo)ii'(22') = "Tjd'^'^) ^ |ll))ii'{22'), 
she can perform six single-particle operators on particle 1(2): 





1 










1 
















1 







1 





) ^01 ~ 





-1 







1 
















1 










1 







1 






(5) 
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The state |*go) 11/(22') will be transformed into the corresponding states: 



^00 l*Oo)ll'(22') - 



1 



Ul^ |^So)ll'(22') = ^ ( 
t^?0 l*go)ll'(22') = ^ ( 



^?1 |*go)ll'{22') = ^ ( 



t^20 l^00)ll'(22') = 



|00) + |ll))ii'(22') = 
|00)-|ll))ii,(220 = 
|10) + |2l))ii,(220 = 
|10) - |21))ii'(22') = 

|20) + |01))ii'(22') = 



^Oo)ll'(22')) 



^0l)ll'(22')) 
*?o)ll'(22')) 



^0 



ll/ll'(22')) 



^l'2o)ll'(22'), 



(6) 



t^2lO |*oo)ll'{22') = (|20) - |0l))ii'(22') = |*2l)ll'(22')- 

The above states are orthogonal mutually. 

If particles 1 and l'(2 and 2') are in the product state |^oo)ii'(22') = |ll)ii'(22')) Alice can 
perform three single-particle operators on particle 1(2): 



(7) 
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The state |^oo)ii'{22') will be transformed into the corresponding states: 

^00 |^Oo)ll'(22') = |ll)ll'(22') = |^oo)ll'(22')) 



^10 |*Oo)ll'(22') = 1 01) 11' (22') = |*lo)ll'(22'), (8) 
^20 I^Oo)ll'(22') = |2l)ll'(22') = |*2o)ll'(22')- 

These states are also orthogonal mutually. 

In all, there are four cases Alice can encode classical information on her particles 1 and 2 
according to the measurement results of the auxiliary particles a\ and 02, which have different 
probabilities. TABLE I shows the four cases(where the superscripts 1 and 2 of U^^^^, t^mmi 
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TABLE I: The four cases which are separated by the measurement results about the auxiliary 
particles ai and 02 . 



The results of pa- 


The states which 


The unitary operato- 


The corresponding 


The number 


rticles oi and 02 


Alice ensures 


rs which Alice makes 


states 


of the states 


|0>ai|0),. 


1*00)11' ^ |*[]o)22' 


(^mong) ^ (^mono) 


l*mon„)ll' ® l*mono)22' 


36 


|0)ai|l)a2 


1*00)11' ^ 1*^0)22' 


(^morao) ^ (^mini) 


l*m„no)ll' ^ l*mini)22' 


18 


|l)aJO)„, 


1*00)11' ® |*go)22' 




l*mini)ll' ® l*mono)22' 


18 


|l)ai|l)a2 


1*00)11' ® |*Jo)22' 




l*mini)ll' ® l*mini)22' 
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indicate the 1, 2-th particles; the subscripts and 1 of each "9 and U correspond to the 
results of each auxiliary particle; mo, mi = 0, 1, 2; uq = 0, 1; rii = 0). 

Thirdly, after performing one of these unitary operators on her particles 1 and 2, Alice 
sends her particles to Bob and tells Bob her measurement result of particles ai and a2- 

Finally, Bob receives the particles, and makes measurements on the four particles 1, 1', 
2, and 2'. The measurement basis is selected according to Ahce's measurement result of 
particles ai and 02- After that. Bob will obtain the classical information that Ahce has 
encoded. 

From the above procedure, we can calculate the average information transformation: 
4ve = 4:al^al^ log2 36 + 2al^ {aj^ - agj logg 18 

+2al^{al^ - O log2 18 + (a^^ - - log^ 9. (9) 

In addition, the above scheme needs log2 4 bits of classical information for Alice to tell Bob 
her measurement result on the two auxiliary particles. 

We can also generalize the above scheme to arbitrarily different dimensions Hilbert space 
for N non-maximally entangled pairs. Alice and Bob need to share N non-maximally en- 
tangled pairs. One particle of each entangled pair in p dimension belongs to Alice, and the 
other in q dimension belongs to Bob (that it to say, particles 1,2, ■ ■ N belong to Alice, and 
particles 1', 2', ■ ■ ■, N' belong to Bob), where p ^ q, i.e., the Hilbert space of Alice's particles 
is non-symmetric with that of Bob's particles. Without loss of generality, we choose p > q. 
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The total state which Ahce and Bob share is 

N 

I*)t = (8)(aoJOO) + aiJU) + • • • + a^g-i),\q - Iq - l))kk', (10) 

k=l 

where ao^., cci^, • • • , a(^q-i)^, are real numbers and satisfy |q;oj.| < |a;ii^,| < • • • < |Q;(g_i)j^. |. 

Similarly, the scheme of probabihstic dense coding can be realized by the following steps. 

Firstly, Alice introduces N auxiliary g-level particles in the quantum state 0^=1 |0)afe- 
Then she performs a proper unitary transformation on her particles and the auxiliary par- 
ticles. The unitary transformation U = <S)k=i ^kau transforms the state |^)T(8)feLi \^)ak iiito 
the state 



N 

Wh = ® {«o,(|00) + 111) + • • • + |g - Ig - l))kk'\Q) 



fe=i 



+ ^<-<(|ll) + --- + \q-lq- l))kk'\V) 



o-k 



+ 



N ( 1 

(8) ^ao. — m + 111) + ---+\q-lq- l))kk'\0)ak 

k=i [ 

+\fQ^yJ< - <^=t(|ll) + • • • + k - 1? - i))kk'\i) 
H 



o-k 



+ ~ ^fl-2)k\^ - 1^ - ^))kk'\q - l)ak}- (11) 

Then Alice makes orthogonal measurement on the auxiliary particles. She ensures that 
the quantum channel will be in the states <S>k=i '^(\^^) + |11) + • • • + I? — 1? — l))fcfc', 
(8)tY^(|00) + |ll) + --- + |g-lg-l))fefc,^(|ll) + --- + |g-lg-l))jviV',---,or <S>ti\q- 
Iq — l)kk' corresponding to the results of auxiliary particles <S>k=i |0)ftfc) 'S>k=i \^)aJ^)aN: ' ' 
0^1 \q — l)afe- The corresponding probabilities of the results of auxiliary particles are 

nLi <, - 1) ntY <« -<),■■; ntiK-i)k - 4-2) J- 

Secondly, Alice encodes classical information by making a unitary transformation on her 
particles 1,2,---, and N. According to the results of the auxihary particles <S)k=i\^)ak: 
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<S)k=i |0)afc|l)ajv) ■ ■ ■) or <^k=i k ~ l)afc, the unitary operations which Ahce can make on 
her particles are <S>LMono)^ ®k='{K,n,f{Ul^mr . ' ' ; ®k=i{Ul^\n,J''- The corre- 
sponding states are 0f=i ®k=i \^mono)kk'\Knn,) nn' , ■ ■ ; l*;^/_ln,_l)fcfc'• 
The unitary operations U^^^^, ?74ini> ' ' •> t^m~^in,_i are showed as follows: 

Ulno - E I ij © mo)modp) (j I , 

j=0 



Ult.n,-. = Ee'"'"^-^^10' ©^.-i)^odp)(j|; (12) 

j=0 

the states l^'l^^^), •, I^Cm^-i) ^re 

\K,n,) = E e^'^^^-^/^ia ® mi)modp)i ® li)/^^, 



1^9-1 ^ 
I ^ rrig-inq-il 



E 



^2'iTijnq-i/q 



|(j©mg_i)modp)i (g) 



(13) 



i=<?-i 

where mo, mi, ■ ■ ■ ,mg_i = 0, 1, • • • ,p - 1; no = 0, 1, • • • ,g - 1; Ui = 0,1, ■ ■ ■ ,q - 2; = 
0, 1, q ; Ug^i = 0. 

Thirdly, Ahce sends her particles to Bob, and tells him her measurement result of the 
auxiliary particles. 

Finally, Bob receives Alice's particles 1, 2, ■ ■ ■, and N, and makes measurement on all his 
particles according to Alice's measurement result on the auxiliary particles. Then Bob can 
obtain the classical information that Alice has encoded on her particles via his measurement. 

Obviously, the average information Bob can obtain is 

TV N-l 

4ve = n < iog2 [ip X Qf] + Q^'-'iQ - 1) n 

k=l k=l 



.2 
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FIG. 1: The relationship of Q!Oi>cko2 ^^^d If 

N-l 

+q^'\q-2) n <«-Olog2 

k=l 

N 

+ ■■■ + nH-l)fe - «(g-2)Jlog2 
fc=l 

In addition, this scheme consumes N log2 q bits of classical information to transmit Alice's 
measurement results of the auxiliary particles. 

We discuss the average information transformation /ave- When the quantum channel is 
composed of two entangled pairs, we can draw a figure about aoi,ao2 and /ave- So from 
FIG. 1 we can see /ave clearly. When = 0.5 and a^^ = 0.5, /ave is more than 5, i.e., 
when the two entangled pairs are in the maximally entangled states, /ave has the maximal 
value loggSG, more than 5 bits information. Similarly, when we generalize this scheme to 
N entangled pairs, if all the entangled pairs are in maximally entangled states, /ave has the 
maximal value iVlog2(p x q). 

In this scheme, we discuss probabilistic dense coding via two non-symmetrically and non- 
maximally entangled pairs as quantum channel and generalize it to non-symmetrically 
and non-maximally entangled pairs. We also consider the maximal value of the average 
information transformation. The average information has maximal value when all entangled 
pairs are in the maximally entangled states. 

Comparing with Ref [14] (not probabilistic and with multipartite quantum channel) which 
operates with the same physical resource, our scheme is more general, because the maximally 



(p X g)^- V(g - 2) 



(14) 
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entangled state is not only difficult for permanently because of decoherence, but also is hard 
to be prepared in the experiment. Therefore, we chose the non-maximally entangled state 
as quantum channel. A comparison of the symmetric quantum channel 13| with our non- 
symmetric multipartite quantum channel shows our scheme can increase the efficiency of 
information transmission. Comparing with Ref jl^, we use different quantum channel and 
different path to realize probabilistic dense coding. In their scheme, the quantum channel 
is composed of two particles and in the same dimensions, and they performed Positive 
Operator Valued Measurements (POVMs) on the qubit states to distinguish these non- 
orthogonal states. They find that the success probability of performing super dense coding 
is exactly the same as the success probability of distinguishing a set of non-orthogonal. 
But in our scheme, we use non-symmetric multipartite state as quantum channel. The 
non-symmetric multipartite state can be converted into orthogonal states by introducing 
a set of auxiliary particles and making some unitary operations. And these orthogonal 
states can be distinguished only by some simple measurements. The probability depends on 
the measurement results of auxiliary particles. In conclusion, we have proposed a general 
efficiency scheme for dense coding. 
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